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Abstract 

Let p be a prime number, and let k be an imaginary quadratic number field in 
which p decomposes into two distinct primes p and p. Let k^ be the unique Z p - 
extension of k which is unramified outside of p, and let be a finite extension of 
koo, abelian over k. In case p ^ {2,3}, we prove that in iCjo, the characteristic ideal 
of the projective limit of the p-class group coincides with the characteristic ideal of 
the projective limit of units modulo elliptic units. Our approach is based on Euler 
systems, which were first used in this context by Rubin in [14]. For p £ {2,3}, we 
obtain a divisibility relation, up to a certain constant. 
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1 Introduction. 

Let p be a prime number, and let k be an imaginary quadratic number field in which p 
decomposes into two distinct primes p and p. Let k^ be the unique Z p -extension of k 
which is unramified outside of p, and let be a finite extension of k^, abelian over 
k. Let Goo be the Galois group of K^/k. We choose a decomposition of as a direct 
product of a finite group G (the torsion subgroup of G^) and a topological group T 
isomorphic to Z p , Goo = G x T. For any n G N, let K n be the field fixed by T n := T p , 
and let G n := Ga\{K n /k). Remark that there may be different choices for T, but when 
p n is larger than the order of the p-part of G, the group T n does not depend on the choice 

of r. 

Let F/k be an abelian extension of k. If [F : k] < oo, we denote by Op the ring of 
integers of F . We write O f for the group of global units of F, and Cf for the group of 
elliptic units of F (see section 3). Also we let Ap be the p-part of the class group CI {Op) 
of Of. We set £p := Z p £g>z O f and Cf '■= Z p ®z Cf. When F/k is infinite, we define £p, 
Cf and Ap, by taking projective limits over finite sub-extensions, under the norm maps. 
For any hGNU {oo}, we set S n := S KnJ C n := C Kn , and A n := A Kn . 
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For any profinite group Q, and any commutative ring P, we define the Iwasawa algebra 

R[[Q}} :=^mR[H], 

where the projective limit is over all finite quotient % of Q. In case Q = G^, we shall 
write 

A := Z p [[G^]] • 

Then and jC^ are naturally A- modules. As we shall see below, they are finitely 
generated and torsion over Z p [[T]]. Let us fix a topological generator 7 of T, and set 
T := 7 — 1. Then for any finite extension L/Q p , Ol[[T]] is isomorphic to 0l[[T]], where 
Ol is the ring of integers of L. It is well known that C?l[[T]] is a noetherian, regular, 
local domain. We also recall that C^[[T]] is a unique factorization domain, and that 
Qp ®z p Ol[\T]] is a principal ring. If u is a uniformizer of Ol, then the maximal ideal m 
of Ol is generated by u and T, and C?l[[T]] is a compact topological ring with respect 
to its m-adic topology. A morphism / : M — > N between two finitely generated 0£,[[T]]- 
module is called a pseudo-isomorphism if its kernel and its cokernel are finite. If a finitely 
generated Cl[[T]] -module M is given, then one may find elements Pi, P r in (9l[T], 
irreducible in 0^[[T]], and nonnegative integers no, n r , such that there is a pseudo- 
isomorphism 

r 

m — ► o L [[T]r © o l [[t]}/ (pn . 

t=l 

Moreover, the integer n and the ideals (P™ 1 ), (P r """), are uniquely determined by M. 
If uq = 0, then the ideal generated by P™ 1 ■ • • P" r is called the characteristic ideal of M, 
and is denoted by cha,vo L [[T]](M). 

We denote by C p a completion of an algebraic closure of Q p . Let \ '■ G — > C p be an 
irreducible character of G. Let Q p (x) C C p be the abelian extension of Q p generated by 
the values of \. We denote by Z p (x) the ring of integers of Q p (x). The group G acts 
naturally on Q p (x)- We recall that if g G G and x G Q p (x) then g.x := x(d) x - For any 
Z p [G]-module Y, we define its %-quotient Y x := Z p (x) ®z p [G] Y. Moreover, if we set 

^:G^Q P , a^Tr( X (a)), 

where Tr is the trace map for the extension Q p (x)/Qp, then if; is an irreducible Q p character 
on G, and we will write xl^- Recall that any irreducible Q p character on G can be obtained 
in this way. We define the idempotent of Q P [G] attached to tp, 

The restriction to the ^-part of the canonical surjective map Q p ®i p Y — > Q p ®z p Y x is 
an isomorphism of Q p [G]-modules, 

H (Q P ®% v Y) ~ Q p ® Zp Y x ~ Q p ( x ) ® Zp[G] Y. (1.1) 
Also, we have the following decomposition 

Q P ®z p Y = © (Q p ® Zp Y) , 

where the sum is over all irreducible Q p characters ip on G. Finally, if Y is a A-module, 
then Y x is a Z p (x)[[T]] -module in a natural way. As a particular case, A x ~ Z p (x)[[T]]. 
For any finitely generated A x -module Z, we shall denote char^Z simply by charZ. 
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The goal of this article is to prove Theorem 1.1 below, which is a formulation of the 
(one- variable) main conjecture. In [15, Theorem 4.1] and [16, Theorem 2], Rubin used 
Euler systems to prove the main conjectures for Z p or Z^ extensions of a finite abelian 
extension F of k, where p \ Wk[F : k], Wk being the number of roots of unity in k. 
More recently, Hassan Oukhaba adapted Rubin's method and obtained Theorem 1.1 for 
p = 2, still under the condition 2 { [Kq : k] (see [10]). Inspired by the ideas of Rubin, 
Greither used Euler systems to prove the main conjecture for cyclotomic units and for 
the cyclotomic Z p -extension F^/F, with F^ abelian over Q (see [4, Theorem 3.2]). Bley 
proved Theorem 1.1 when p \ 2# (CI {Ok)), and when there is a nonzero ideal f of Ok, 
prime to p, such that for all n G N, K n = k (fp n+1 ) is the ray class field of k modulo fp n+1 
(see [1, Theorem 3.1]). Here we prove the general case. 

Also, we draw the attention of the reader to a cohomological two-variables main con- 
jecture, which has been recently proved for all primes by J. Johnson-Leung and G. Kings 
in [7], as a consequence of the Tamagawa number conjecture. In their treatment they 
replaced ^-quotients by Galois cohomology with coefficients in the Galois representations 
defined by x, an d used Euler systems as defined by Kato. From their result, they deduced 

„ oo 

the classical two- variables main conjecture for Z -extensions Foo := U k (p n f) where f is 

V n=0 

any nonzero ideal of Ok, and when p does not divide the torsion subgroup of Gal {F^/k). 

Theorem 1.1 Let x be an irreducible C p character on G. 

(i) Ifp i- {2, 3}, then char (A^) = char (^ 00 /C 00 ) x . 

(ii) Ifp G {2,3}, then there is m x G N such that 

char(A 0O)X ) divides u™ x char {S 00 /C OQ ) X , (1.2) 
where u x is a uniformizer ofZ p (x)- 



2 Semi-local units. 

For every n G N, we denote by U n the Z p [G n ] -module of principal semi-local units over 
the primes above p. We define 

Uoo := lim U n , 

by taking the projective limit under the norm maps. 

For any n G N, we write 7„ for 7 P ". Then for any Z p [[T]]- module M, we denote by M Vn 
the module of r n -invariants of M, and we denote by Mp n the module of r n -coinvariants of 
M. By definition, they are respectively the kernel and the cokernel of the multiplication 
by 1 - 7„ on M. 

Proposition 2.1 Q p is a free Q p £g>z p ^-module of dimension 1. 

Proof. Let be a prime of above p, and let k! be the completion of k at p. For every 
n G N we respectively denote by K' n , 0' n , and the completion of K n at the ring 
of integers of K' n , and the maximal ideal of 0' n . Let us also denote the group 1 + by 
U' n . For sufficiently large m, the p-adic logarithm is an isomorphism of Z p [GaA(K' n /k')}- 
modules from 1 + into *}3™. Taking the tensor product of this isomorphism by Q p over 



Z p , we see that 



® z U' n ~ K' n ~ Q p [Gal {K'Jk')} , (2.1) 



3 



where the last isomorphism holds by the normal basis theorem, and since k' = Q p . The 
field := U K n is a Zp-extension of K , abelian over k . The Galois group of K^/k 

n=0 

is canonically identified to the decomposition group of p in K^/k. Hence we only have 
to show that the projective limit 

with respect to the norm maps, is such that Q p ®z p is a free Q p <8>z p A'-module, where 

A' := Z p [[Gal(iCA')]]. 

We have a decomposition Gal (K'^/k 1 ) = G' x T', where G' C G, and r' ~ Z p as a pro- 
p-group. Remark that for n large enough, we have T n C T'. Let x be any C p irreducible 
character on G' , and let ^ : G" — > Q p be the unique irreducible character such that 
x\ip- We must prove that (Q p ®i v is a free (Q p ®i p A')-module. Since the 
group of p-power roots of unity in K'^ is finite by Lemma 2.1 below, we deduce from [5, 
Theorem 25] that U'^ c — >■ Z p [[r']] where d = [K' Q : k'}. In particular (Q p Cg> Zp U 1 ^) C 

(Q P ®z v Z p [[r']]) d and hence is a torsion free (Q p ®z p A') -module. Let us remark that 
e.0 (Q p ®z p A') ~ Qp ® Zp Zp(x) [[r']] is a principal ring. We deduce that e^Q p ®z p U'^ is a 
free (Q p C*Dz p A) -module. Let r x be its rank. We must show that r x = 1. Let us choose 
n such that r„ C T'. Then 

H (Qp ® Zp (ZOrJ ~ (Qp ® Zp Z p [Gal {K' n /k)}) Tx . (2.2) 

Exactly as in [10, Proof of Proposition 3.6], one can prove that the kernel and the cokernel 
of the canonical map (W^) r — > U' n are finitely generated Zp-modules of rank 1, and 
invariant under the action of Gal (K'^/k 1 ). We deduce that 

dim Qp (e^ (Qp ®z p (MrJ) = dim Q P ( e </> {®p K)) . (2.3) 

But e (Qp ® Zp O ~ (Q p ® Zp Z p [Gal (K' n /k')]) by (2.1). Thus r x = 1 by (2.3) and 
(2.2). □ 



Lemma 2.1 Let the notation be as in the proof of Proposition 2.1. Then the group 
fipoc (K^) of p-power roots of unity in K'^ is finite. 

Proof. As previously, we write k! for the completion of k at p. Since k! — Q p , it is well 
known that the kernel of the local norm residue symbol 

(•, k' (/ip°o) /k') : (k') Gal (k' (/x p °°) /A;') 

is the free group (p) generated by p (see for instance [8, p. 323, Proposition (1.8)]). Assume 
/ipoo c K^. Then the kernel of the local norm residue symbol 

is a subgroup of (p), whose index is finite. Let £3 be a prime of k^ above p. We write k" 
for the completion of k at p. For all n G N, we denote by k' n (resp. /c") the completion 

of k n at *p (resp. 0). We set := U k n and fc^ := U k n . Since p is finitely decom- 

i=0 i=0 

posed in k^/k, the extension k'^/k" is infinite. But it is also unramified, and then its 
Galois group is topologically generated by (p, k'^/k"). By the product formula, and since 
k^/k is unramified outside of p, we have (p, k'^/k")^ = (p _1 , k'^/k')^ , and we deduce 

that for all n G Z\{0}, (p n , K'^/k') ^ 1. Hence (•, K'^/k') is injective, which is absurd. □ 
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3 Elliptic units. 



For L and L' two Z-lattices of C such that LCL' and \L' : L] is prime to 6, we denote by 
z i — y ip [z] L, L') the elliptic function defined in [13]. For m a nonzero proper ideal of Ok, 
and o a nonzero ideal of Ok prime to 6m, G. Robert proved that ip (l; m, a _1 m) G k(m), 
where k(m) is the ray class field of k modulo m. More precisely, ip (l; m, a -1 m) G C^(m) 
if m is divisible by at least two distinct primes, and if m = x n with r a prime ideal and 
n G N*, then ip (l ; m, a 1 m) is a unit outside of the primes above r. For any maximal 
ideal q of Ok, prime to a, by [12, Corollaire 1.3, (ii-1 )] we have 

( ^(l;m,a-^u) Mq ' fc(m)/fcrl if qfm, 
Nk( mq )/k(m) (ip (l;tnq,o 1 mq))' l,m ™ mq = < (3.1) 

t ij; (l; m, a _1 m) if q | m, 

where (q, k(xn)/k) is the Frobenius of q in k(m)/k, and w m is the number of roots of unity 
in k which are congruent to 1 modulo m. Moreover, by [12, Corollaire 1.3, (v-1)] we have 

ip (l; mq, a _1 mq) = ip (l; m, a -1 m) q,fe m ^ modulo (q) mq , (3.2) 
where (q) mq is the product of the prime ideals in Ok( m q) above q. 

Definition 3.1 Let F C C be a finite abelian extension ofk, and write n{F) for the group 
of roots of unity in F. We write for the Z [Gal(F / k)]-submodule of F x generated by 
fi(F) and by all the norms 

N k (m)/k(m)nF (l; ttx, a _1 m)) , 

where m is a nonzero proper ideal of Ok and a is any nonzero ideal of Ok prime to 6m. 
Then, we define the group 

C F := $ F n^. 

Remark 3.1 For any n G N, U n is canonically identified to the pro-p- completion of the 
group of semi-local units U n of K n . Hence the natural inclusions 0^ n > U n induce norm 
compatible canonical maps S n — > lA n . The Leopoldt conjecture, which is known to be true 
for abelian extensions of k, states that this map is injective. Taking the projective limits, 
we obtain a natural injection c — >■ U^. 

Proposition 3.1 The Z p [[T]]-module U^jC^ is finitely generated and torsion. 

Proof. For all n G N, we let St n be the group of Stark units defined in [6, Definition 3.2], 
and we set St n := r L p ®iSt and St^o := hjn St n (projective limit with respect to the norm 
maps). It is well known that Stark units can be constructed by means of elliptic units 
(for instance, see [9, Chapitre V,4] for a precise statement). Then it is an easy matter 
to verify that St n C C n for all n G N. Hence St^ C C^, and we just have to show that 
Uoo/Stoo is finitely generated and torsion. By [6, Theorem 3.2 and Proposition 2.1], we 
know that Stoo is torsion-free of rank [A'o : k] over Z P [[T]]. Then from [5, Theorem 25] 
and Remark 3.1, we deduce that Uoo/St^ is finitely generated and torsion over Z p [[T]]. 
□ 
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4 Euler systems. 



Let us write Ak as a direct product of cyclic p-groups, 

A k = (cl (pi)} x • • • x (cl (t» r )) , 

where pi, p r are prime ideals of Ok, prime to p, and cl (pi) is the class of pi in Cl (Ok). 
For any % G {1, ■■■,r}, let p Ri be the order of (cl(pj)), and we choose oij G Ok be such that 

r 

ctiOk — pf . Let R, := Rj and let M 7^ 1 be a power of p, such that p R = #(Ak) < M. 

t=l 

Let u := 1 if p 7^ 2, and a; := — 1 if p = 2. 

We denote by £^ the set of maximal ideals £ of Ok such that £ splits completely in 
F (/i M , \/u;, ^/oi, \/c^") jk, and such that £ ^ {pi, p r }. We denote by S F the set of 
squarefree ideals of Ok whose prime divisors belongs to C F . As in [11, Lemma 3.1], we 
define for each £ G C F a cyclic subextension F (£) of k(£)F, of degree M, which is totally 
ramified above £ and unramified anywhere else. For m := i\ ■ • -£ n an ideal in Sp, we 
define F (m) := F (£1) ■ ■ ■ F (£ n ), the compositum of the fields F (£i). 

For any ideal m 7^ of Ok, we denote by 5i?(m) the set of ideals in Sf which are prime 
to m. We denote by Uptm) the set of maps e : 5f(iti) — > (k ah ) x satisfying the conditions 
(a) to (d) below. 

(a) e(o) G F (o) x for all G S F (m). 

(b) e(a)eO F(a) if o ^ (1). 

(c) N F w/F(a) (e(<^)) = e(a) {£ ' F{a)/k) ~ 1 for all a G «S F (m) and all £ G Cp which is prime 
to ma. 

(d) e(a£) = e(a) (N{i) ~ 1)/M modulo all prime ideals of F{a) above £. 

Remark 4.1 Let U := UlXi?(m), where the union is over all nonzero idealm of Ok- Then 
for any u G C(F), there exists e G IX such that e(l) = u (see [15, Proposition 1.2]). 

For any ideal o 7^ (0) of Ok and any e G Uf(&), we denote n e : 5p(a) — > F x / (F X ) M 
the map defined as in [15, Proposition 2.2]. For £ G £ F , we let X F i := ©ZA be the free 

X\£ 

Z-module generated by the prime ideals of O f lying above £. For any 1 £ F x , we denote 
by (x)e G X F ^ and [x]e G X f ^/mX f ^ the projections of the fractional ideal (x) := lO^-. 
Consider the map 

0t '■ F (£) x — > (O f /£O f ) x I ((O f /£O f ) x ) m , 

which associates to z the sum (B\\eZ\ such that the image of z l ~ ai in (O f /\) x is equal 

to (zx)^^" 1 ^™. As in [15, Proposition 2.3], there exists a unique Gal(.F/fc)-equivariant 
isomorphism 

<pt : (O f /£O f ) x I ((O f /£O f ) x ) m X Fi£ /MX F , e , 

satisfying the relation (ipz o ^) (x) = [N F ^y F (x)\ £ . For x G F x , we can choose y E F (£) x 
such that xy M is a unit at the prime ideals of F (i) above £. We denote by {xy M } the 
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class of xy M in (O m /£') x / ((O m /£') x Y ^ (O f /£O f ) x / ((O f /£O f ) x ) m , where £' is 

the product of the prime ideals of Op(e) above £. Then we set (pg(x) := (ft ({xy M }), which 
does not depend on the choice of y. 

Then as in [15, Proposition 2.4], for any ideal a 7^ (0) of Ok, any e £ U F (a), any 
m £ S F (a) with m ^ (1), and any maximal £ of we have 

r 1 w f if £fm, , . 

^W-i^KM) if tU 

For any 2 £ F x , we denote by (x) M the class of x in F X /(F X ) M For any n £ N we denote 



00 



by /i n the group of n-th roots of unity in C. We set \i v °° := U For any extension 

71=0 

L C F of k and any maximal ideal q of Ol, we denote by v q the normalized valuation at 
q, and by v q : L x / (L X ) M Z/mZ the map defined from v q by taking the quotient. 

The following theorem is a classical step in the Euler system machinery. The first 
versions are due to Rubin (see [15, Theorem 3.1]), and to Greither for abelian extensions 
over Q (see [i, Theorem 3.7]). We follow the proof of Bley (see [1, Theorem 3.4]), with 
slight modifications to cover the case p|# (CI (Ok)). 

Theorem 4.1 Let f be the conductor of F / k , and set c := Vp (f). We set G F := Gal(F/k). 
Assume that we are given an ideal class c £ A F , afinitel, [G F ]-submodule W of F x / (-F x ) , 
and a G F -morphism \P : W — > Z/mZ [G f ]. 

Assume that for allw £ W , alii £ {1, ...,r}, and all prime q of F above p i; v„(w) = 0. 
Assume also that for any i — 1, ...,r, pi is unramified in F/k. Let m be a positive integer 
divisible by p 2c+1 . Then there are infinitely many maximal ideals A of O f such that 
(1) cl p (A) = c m . 

(ii) £ := X fl Ok belongs to C F . 
(in) For all w £ W , [w]t = 0. 

(iv) There exists u £ (Z/mZ) x , such that for all w £ W, ift(w) = up 3c+R+4 "$ (w) X. 



Proof. Let H F be the Hilbert p-class field of F. Let 

Fi := 



F(/i M ) if z = 0, 

(y/oTi) if 1 < i < r. 

Exactly as in [1, proof of Theorem 3.4], one can prove the following claims. 
Claim (A) [Hp n F (^) : F] < p c . 

Claim (B) Gal (h f nF r (^i, VW^j /f) is annihilated by p 2c+1 . 
Claim (C) The cokernel of the canonical map from Kummer theory 



& : Gal (f ( </W^j /F ) Horn (W, fi M ) 

is annihilated by p c+2 . 

Let us remark that Fj_i f-\/W^^ /Fj_i is unramified at pi since by hypothesis M | v Pi (w) 

for all {w) M £ W. On the other hand [Fj : Fj_i] divides M and the ramification index of 
pi in Fj/Fj_i is at least Mp~ Ri . Therefore 

annihilates Gal [</w\ f] F^/F^V (4.2) 
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Let Li := F (y/w\ n F t . As Li n = L f _i we have 

Gal (V^-i) - Gal (L^/^-i) . (4.3) 

Since Gal (LjFj_i/Fj_i) is a quotient of Gal f-Fj-i ^a/wJ f^Fj/Fj_iY this implies that 

p Rl annihilates Gal (Lj/Lj_i) thanks to (4.2). In particular p K annihilates Gal (L r /F ), 
and we deduce Claim (D) below. 

Claim (D) Gal (f (VW) p|F r (tfu) /F ) is annihilated by p R+1 . 



Let C be a primitive M-root of unity, and t : Z/mZ [Gf] — > be the group morphism 
such that t(er) = for a G GV \ {1} and t(l) = £. Combining Claim (C) and Claim (D), 

one may find a G Gal ^F r ^a/w, \/w\ /F J such that 

a \F r ( #j) = 1 and # (Vo( yf)) = ( i0 ^) pR+C+3 • (4.4) 
From Claim (B), we may choose f3 G Gal (^H F F r \/Wj /Fj such that 

P\fJ tfJ, ViF) = ap2C+1 and A^f = cm - ( 4 - 5 ) 



Now, from (4.4) we see that G Gal (h f F t (^u, VW^j / F r (tfj) 

By the Cebotarev density theorem, we can find infinitely many primes A in Of, of 

r 

absolute degree 1, prime to J^Pi 5 such that XdOk is unramified in HpF r (^\/uj, \fw\ /k, 



i=l 



and such that the conjugacy class of j3 in Gal {^HpF r ^\/cJ, \fw\ /Fj is the Frobe- 

nius of A. Then condition (i) of Theorem 4.1 holds as a consequence of the general 
properties of the Frobenius. The condition (ii) is also satisfied since /3 is the iden- 
tity on F r (\/cJ). Let w G W. Then for any prime A' of O p fu^\ above A, we have 

v\ (w) = Vy (w) = Mv\/ ( \/w\ = 0, and condition (iii) follows. Condition (iv) is proved 
as in the proof of [15, Theorem 8.1, (iii)]. □ 

For any Z p [G]-module M and any m G M, we denote by m x the canonical image of 
m in M x . 

Lemma 4.1 Let Q be a subgroup of Gf, and let \ be an irreducible C p character ofQ. Let 
£i, ...,£i G Cp, and for any j = 1, let Xj be a prime of Op above ij, and let c\ p (Xj) be 
the image of Xj in Ap. Let x G F x be such that v q (x) G MZ for any prime q of Op which 
is prime to l\ • • ■ ii. Let W be the 7h p [Gp]-span of the image of x in F x / (i* 1 *) , and let 
L be the Tj p [G p]-module of Ap generated by cl p (Ai), cl p (Aj_i). Assume that there are 
Z,g,rj G Z p [Gp\ such that 



(i) Z.Ann Zp[GF]x [[c\ p (Xi)] Lx J C gZ p [G F ] X , where Ann Zp[GF]x [[c\ p (Xi)] La J is the annihi- 
lator of the image [cl p (Ai)] L o/cl p (Aj) in (Ap/L) x . 

(ii) Z p [G F ] X /gZ p [G F ] X is finite. 
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(iii) # \ rj ((Xf^ JmXf^) /W)\ # (A FtX ) < M, where W' is the image ofW in Ip^J Mlp^ 
through w t— > [w]^. 

Then, there exists a morphism ofL p [G F ]-modules 

* : W x -> Z/mZ [G f ] x 

such that 

9^ (( x )u,x) Kx = Zr i\Alux- 
Proof. We refer the reader to [4, Lemma 3.12]. □ 

5 The ideal class group. 

Proposition 5.1 The projective limit is a finitely generated torsion Z p [[T]]-module. 
Moreover, for all iieN, A 00 p n and are finite. 

Proof. We refer the reader to [14, Proof of Theorem 1.4]. □ 

s 

Let r : A^^ — > ©A x /Pj be a pseudo-isomorphism of A x -modules, where Pi,...,P s 

are nonzero polynomials in A x . 

Let Mqo := hjii (M n ) be a Z P [[T]] -module, projective limit of Z p [r/r n ]-modules M n . 
For all n G N, we denote by Ke^M^ and Cok^M^ the respective kernel and cokernel of 
the canonical map M-p n —> M n . 

Lemma 5.1 There is C3 G N, and for all n G N, there is a morphism of A x -modules 

T n : A riiX -> © A x /(Pj, 1 - In) 
sitc/i that Cok (r n ) zs annihilated by p° 3 . 

Proof. Let m G N be such that K^jKm is totally ramified above p. By [19, Lemma 
13.15], there is a Z p [[r m ]]-submodule Y of A^ such that for all n > m, the canonical map 
A^ — > A n induces an isomorphism 

A lu V - ~ A 

where v m ^ n G Z p [[T]] is defined by u m ^ n := (1 — j n ) / (1 — r y m ). Therefore for all n > m, 
we have Cok n v4oo = and 

Ker^oo ~ is m , n Y / (1 - 7„) A». (5.1) 

Multiplication by i/ mn induces a surjection 

17 (1 - lm ) A^ — ^ . m , n F / (1 - Tn ) Aoo, (5.2) 

from which we deduce that for all n > m, Ker is a quotient of Ker^A^- Since 
KernAoo is finite, by Proposition 5.1 we see that the orders of Ker n Aoo and Cok n Aoo are 
bounded independantly of n. We choose a G N such that for all n G N, p a annihilates 



9 



KeTnAoo and Cok n Aoo. On the other hand, since Cok n y4oo = 0, we have the exact sequence 
below for any n > m, 

(Ker n A OQ ) x (^oo) r „, x K, x 0. 

This shows that p a annihilates Ker ((A»,x)r — > A n>x ), for all n > m. Moreover for all 
figN, (Aoo iX ) r ~ (^4oo,r„) x is finite from Proposition 5.1. Thus we may choose a such 
that p a also annihilates Ker ((A oo x ) r — > A ntX j for all n G N. Then choose (3 G N such 

„ s 

that annihilates Cok(r), and set c 3 := 2a + /3. Let r n : (74 oo x ) r — >■ © A x /(Pj, 1 — 7 n ) 

" i=i 

be the morphism of A x -modules defined from r by taking the quotients, and set 

s 

r n : A ntX ^ © A X /(P,-, 1 _ In), x i ^ p a f n (y), 

where y G (y4oo iX ) r is such that its image in A n , x is It is straightforward that r n is 
well-defined, and that the condition of the lemma is satisfied. □ 

6 Global units. 

Let us fix x an irreducible C p character of G, and let ip : G — > 7* p the irreducible Q p 
character of G such that x\^- Also we denote by u x a fixed uniformizer of 7j p (x). 



Lemma 6.1 There is a finite set I , a family (rii)i e j G N 1 , and a pseudo-isomorphism of 

: £oo, x -> A x © _e (A x /u£) . (6.1) 



A x -modules: 



Proof. From [5, Theorem 25] and Remark 3.1, we know that is finitely generated 
over Z P [[T]]. We denote by A(^>) the principal ring (Q p ®i p A). From the tautological 
exact sequence — > — > £4o — > Uqo/Eqo — > we deduce the following exact sequence of 
A( , 0)-modules 

-> e (Q p ® Zp Soo) e 4 , (Q p ®z v U^) (Q p ® Zp U^/S^) ->■ 0. (6.2) 

But we know that (Q p ©z p Uoo) is free of rank 1 over A(^), thanks to Proposition 2.1. 
Moreover, (Q p ®i v Uoo/Soo) is A (xjj) -torsion by Proposition 3.1. As A(z/>) is a principal 
ring, we see from (6.2) that (Q p ®i p is free of rank 1 over A(^). The isomorphisms 



e 



% £oo) - Qp ®TL V £oo, x and A W - Qp ®TL P K 



imply that the A x -torsion of £oo,x i s annihilated by some power of p, and the A x -rank of 
£oc, X is !• D 



Lemma 6.2 There is (co,fio) G N 2 snc/i that for all n G N, p c °(7n ~~ 1) annihilates 
Cok n £oo and Ker^^ . 

Proof. The proof is similar to [10, Corollary 3.9]. □ 
For every n G N, the projection — > S n induces a natural map 7r niX : (£oo, x ) r —> £ n ,x- 
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Lemma 6.3 For all n6N, p 2c °(ln — l) 2 annihilates Cok (vr njX ) and Ker (vr njX ). 

Proof. Let n£N and let T := Tor- [ G j (Cok n £ OQ ,Z p (x))- We denote by £ n the image of 
Soo in £ n , and we write 7r n , jX : (£ oo x ) r — > £ n ,\- From the following commutative exact 
diagram, 

r 

(Ker n £ 00 ) x ^ (^oo, x ) rn £ n>x 

1"n,x 

t 

(Gok n £ 00 ) x 


we deduce an exact sequence 

{Ker n £ 00 ) x -Ker(vr niX ) »f 0, (6.3) 

where T is the image of T in S n>x . By Lemma 6.2, we know that p c °(7n — 1) annihilates 
T and (Ker n £oo) x . Therefore (6.3) implies the desired result for Ker (vr n x ). On the other 
hand, since Cok(7r njX ) ~ (Cok n £ OQ ) x the lemma is entirely proved. □ 

Let pr : A x © © (A x /u" i ) — > A x be the canonical projection, and for every n let 

©n : (^oo, x ) rn *■ Zp(x) [ r / F n] 

be the map obtained from pr o © by taking the quotients. By Remark 3.1, £oo/Coo is a 
submodule of Wqo/Cqo, hence is finitely generated and torsion over Z p [[T]] by Proposition 
3.1. We denote by h x a generator of char (S 00 /C 00 ) x . The following lemma is the analogue 
of [1, Lemma 3.5]. 

Lemma 6.4 Let n£l. Then there is a map 

?? n , x : s na Zp(x) [r/r re ] , x ^ ( 7no - i) V co e n (s) , 

where x G £oo,x ^ s snc ^ (7n ~~ l) 2 p 2c °x = ir na (x). Then there are (u, Ci,c 2 ) G N 3 
and fa' G A x such that 

(i) /i' x |/i x in A x . 

(ii) For a// n £ N, ^ is prime to 1 — 7„ m A x . 

(iii) For a// n G N, (7, - l) Cl p C2 /i x Z p ( X ) |T/r n ] C tf n>x (Im(C„, x )) 7 w/iere Im(C„, x ) *s 
the image of C n>x in £ n ,x- 

Proof. One may use Lemma 6.3 to verify that i9 na is well-defined. We leave the details to 
the reader. The module h x ■ {£ o/C 00 ) x is finite, and so is h x • (6 (£oo,x) /@ 0- m (Coo,x)))- 
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Since Cok (pr o 0) is also finite, we can choose m G N such that p m h x G pro© (Im (Coo,*))- 
Let z G Im (Coo,x) be such that p m h x = pr o Q(z). Then in Z p (x) [r/r„] we have 

p m+iC ° (ln ~ I)' K = P iC0 ( 7 no - I)' e B (z) = K, X (Kn, X (z)) . (6.4) 

Let Q be the set of prime ideals q of A x of height 1, and for any q G Q, let P q be a 
generator of q. Since A x is factorial, there is a unit u G A* and a family (n q ) qe g G N s 

with finite support such that h x = u Y\ Pq q - We set h' x := j J P q nq , where Q' is the set 

qes qGS' 
of all q G Q such that q is prime to 1 — j n , for all n G N. Since 1 — 7„ divides 1 — 7„ + i for 

all n G N, we can choose i/ G N and C\ G N such that (7„ — l) 4 /i x divides (7^ — l) Cl /i^.. 

Also, we set C2 := m + 4cq. Then the lemma follows from (6.4). □ 



7 Proof of Theorem 1.1. 

This section is devoted to the proof of Theorem 1.1. We choose cq and no as in Lemma 
6.2, c\ > 2, C2 and v as in Lemma 6.4, and C3 as in Lemma 5.1. Let us define 

d ■= 3v- v (f) + R + 4 and A, := p(*-2)(c 3 +2d)+d+c 2 ^ . fc j*-i ^ > ^ 

00 

where f is a nonzero ideal of Ok such that C U (fp n ). Let neN. Since ft, is prime 

n=0 •* 

to 1 — 7 n , the factor group 

Z p [G n ] x /A s+1 ti x Z p [G n ] x ~ A x / ((1 - 7n )A x + A s+1 /i' x A x ) 

is finite. Let M be a power of p such that 

#A k #A n , x #(Z p [G n ] x /A s+1 ti x Z p [G n ] x ) < M. (7.1) 

Let us also introduce the following notation. If A is a maximal ideal of Ox n such that 
I := A fl Ok G Ck„, then we denote by uj x and u x the maps 

: K£ *~ Z p [G n ] , such that u x (x)X = (x)i, 

and 

u x :K*/(K*) M (Z/MZ)[Gy, such that O x ((x)J A = [x] t . 

We know by Lemma 5.1 that for every j G {1, s}, there is a class Cj G A n such that 

r n (c iiX ) = (0,...,0,p C3 ,0,...,0), 

where p C3 is at the j-th place. We recall that Cj jX is the image of Cj in A UjX . We also choose 
arbitrarily one more class c s+ ± G A n . By the above Lemma 6.4 (iii), there is £ G C n such 
that 

^ n , x (0 = (lu-l) Cl p C2 h' x in (Z/MZ[G n ]) x , (7.2) 

where £' is the image of £ in Im (C n , x ). Let us now fix an ideal m of Of. and e G IX/^^ (ttl) 
such that K E (1) = £. This is possible thanks to Lemma 4.1. The main step is to define 
recursively maximal ideals Ai, A s+ i of Ok u and ideals 01, a s +i of Ok such that 
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(a) £i := Aj fl Ok belongs to Ck„ for all 2 = 1, s + 1. 

(b) cl p (Ai) = cf for all i = 1, s + 1. 

(c) Oi := £i ■ • 

(d) cD Al (/c 6 (4)) x = «iP C2+ 1#o : fc] ( 7 , - 1) C1 h' x in (Z/MZ[G n ]) x , for some u x G (Z/mZ) x . 

(e) For every i G {2, s + 1} there is Wj G (Z/mZ) x such that 

Pi-iWA, (« e (0i)) = M 4 p C3+M [^o : fc] (7. - I) 01 "' ^ (« e (*-i)) • 

Since we will use Theorem 4.1 for F := i^ n , we assume from now until the end of this 
paper that 

the prime ideals pi, p r are unramified in K^/k. 

Let us consider the map w o o 77 : 0*- — >■ Z p [G n ] , where 77 : — >■ £„ iX is the 

natural map and : Z p (%) [T/r n ] — >■ Z p is defined by w {x{g) v ) '■= [Kq '■ k] e^gv for 
all g G G and v G T/F n . Further, by taking the quotients we obtain a map 

^■.0-J(0-J M — Z/MZ[G B ]. 

Let M^i be the Z p [G n ]-span of (£) M . We apply Theorem 4.1 to the data 

m:=p d , W:=Wi, and c := Ci, 

We obtain a maximal ideal X\ of Ok„ and n x G (Z/mZ) x such that cLj(Ai) = , such 
that the ideal l\ := Ai fl Ok belongs to £r„, and such that for all w G W\, we have 
[w]^ = and 

<p tl (w) = u i p d V 1 (w)\ 1 . (7.3) 

We denote by d n ^ x : £„ jX — > Z/mZ[G„] x the morphism obtained from $ njX by taking the 
quotients. Then from (4.1), we have 

M*0k = (0 = uiP^i «£>J A i = ° (£') Ai (7.4) 

in Xk 1-,/mTk From (7.4) and (7.2), we deduce that in (Z/mZ[GU) we have 

w Al = «i/[^o: A;]^ x (0 

= Ml p C2+d [^ : fc](7„-l) Cl /i x . (7.5) 

Let z G {2, s + 1}, and assume that Ai, Aj_i has been constructed. From (d) and (e) 
we deduce 

(n p iJ ^-i («.(«*-!)) = (n J ^ (7, - i) ci+e] = ? 4 ^ ( 7 - 6 ) 

in (Z/mZ [G n ]) , with the convention that an empty product is 1 and an empty sum is 0. 

Lemma 7.1 Let Li be the 7j p [G n ]-submodule of A n generated by cl p (Ai), cl p (Aj_2), 
and let Wi be the Z p [G n ]-span of the image of K e (di-i) in K x / \K*) . We set r\{ := 

i-l , 

(7„ — 1) 1 , Zi := p 3 , and we choose gi G Z p [G n ] such that the image of gi and the 
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image of Pj_i in Z* p [G n } x are the same. Then 

(i) v q (K e (Oj_i)) G mZ /or a// maximal ideal q of Kn which is prime to Qi—i- 

(ii) Zi.Ann Zp[Gn ] x ([cLj(Ai_i)] L . )X J C g;Z p [G n ] x , where [cl p (Ai_i)] Li X zs £/ie image o/cl p (A i _ 1 ) 
m (An/Li)^ 

(iii) Z p [G n ] x /^Zp [G f n ] x /imte. 

(iv) # ^ ((X^^/mZ^^J #(^n, x ) < M > w/iere w 'i ls the ima 9 e °f w i m 
^K n A-i/ Ml K„A-i through w \-> [w]^. 

Proof, (i) is a direct consequence of (4.1). We have (A 00iX ) r ^ ~ (A 00 )p n , and (A OQ ) FnX 
is finite by Proposition 5.1. Hence is prime to 1 — j n , whence (iii). 

Let a G Annz p [G„] x ([dp^i-Oli,. X J- We can define from r n a morphism of Z p [G n ] x - 
modules 

r n : {A n /L i ) x -»■ Z p [G n ] x /g l Z p [G n ] x , 
such that the diagram below commutes 

An,X © A x/( P i- 1 - In) 

T T / I 

(A„/I/j) x >■ Zp[G n ] x /ojZ p [G n ] x > 

where is the canonical projection 

© A X /(P„ 1 - 7n) — >• A x / (P-i, 1 - 7n) ^ Z p [G n ] x /^Z p [G n ] x . 
i=i 

Then (cj_i. x ) p a — 0, i.e p d+C3 a G OjZ p [Cr n ] , so (ii) is verified. From (7.6), and since 

i-2 

d + ^c{ < c\~ 1 (because 2 < ci), we see that rji {{T Kn ^_Jya. KnA _^) is cyclic 

over Z/MZ[G n ] x , annihilated by Aj/i^,. The condition (7.1) then implies (iv). □ 

Let us apply Lemma 4.1 to the material furnished in Lemma 7.1. There is a morphism 
of Z p [G n ]-modules % : W i>x -> Z/MZ[G n ] x such that 

((« e Ai_i iX = Z^i [k e (Oi_i)] <( _ 1>x . (7.7) 

We define by composing w o with PVj — > Wi tX . From Lemma 7.1, (z), we can 
apply Theorem 4.1 to the data 

F := K n , m := p d , c := c u W := W h and $ := ^. 

There are a maximal ideal Aj of and itj G (Z/mZ) x such that cl p (Aj) = cf (condition 
(b)), such that £i := AjflOfc belongs to Cx n (condition (a)), and such that for all w G Wi, 
[w]i t = and tpt^w) = Uip d ^i (w) Aj. By (4.1) we have 

[K e {*i)] k , x = <Pe t (« e (Oi_i)) x = wp d Vi ((k £ (Oi-i))J Xi, x (7.8) 
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in (l Knt e i /Ml Kn: i i ) x . Then in Z/mZ[G„] x , by (7.8) and (7.7) we have 

P i - 1 u! Xi (k £ (o<)) = Ui[K : k]p d gi % ({k £ ((k-i)) u>x 
= Ui[K : k\p d Z i T) i ttx i _ 1 {k £ (di_i)) , 

which demonstrates (e). So we can construct recursively the primes Ai, \ s +i, and from 
(d) and (e) we deduce 

' « \ A+l \ 

11^ (« £ (a s+1 )) = (l[uA A s+2 ( 7 „ - h ' x (7.9) 



in Z/mZ[G 



nix- 



By letting n and M vary, this implies that J^-P?' divides A s+2 (7„ — l) 6l+ ^- lCl h' x in 

i=i 

A x . By Proposition 5.1 and since (A 00jX ) r ~ (Ax>,r„) x , char (Aoo, x ) is prime to (7^ — 1). 
Then we deduce 

char (Aoo iX ) |A s+2 char (£oo/ C oo) x ' ( 7 - 10 ) 
which proves the assertion (ii) of Theorem 1.1. Now assume p ^ {2,3}. Recall that class 
field theory gives an exact sequence 

^£oo/Coo ^^oo/Coo ^ -Boo *• ^00 *-0> (7-H) 

where 5 ro is the Galois group of VL^/ K^, whith the maximal abelian pro-p-extension 
of which is unramified outside of the primes above p. Moreover by a result of Gillard 
([3, 3.4. Theoreme]), the //-invariant of over Z p [[T]] vanishes, 

^(B^) = 0. (7.12) 

00 

Let us denote by A^ t00 , £f t!Xn Cf,oo> the various objects attached to Kj )OQ := U A; (fp n ). 
By [2, 2.1 Theorem, p. 109], the divisibility (7.10) and (7.12) applied to Kj t00 implies that 

char ({A hoo )^j = char (S hoo /C hoo )^ and ^ (U hoo / C Uoo ) ^ = 0, (7.13) 

for all irreducible C p -character £ of the torsion subgroup Gf of Gal (Kf >0O /k), and where 
/i^ is the /i-invariant over Z p (£). Since (U 00 /C 00 ) x is a quotient of (Uf >00 /Cf >00 )~, where % 
is the character of defined by x, we deduce from (7.13) that fi x {U 00 /C 00 ) x = 0. By 
(7.12), the exact sequence (7.11) gives 

fi x (£ o/C 00 ) x = [i x (U 00 /C 00 ) x = = [i x (Aoo a ) . (7.14) 

By decomposing H := Gal (7ff )0O /,K 0O ) into a direct product of cyclic subgroups, we are 
reduced to the case where H itself is cyclic. Then classical arguments (see [15, section 5]) 
show that (Af )00 ) H is pseudo-isomorphic to A^, and we deduce 

\((A fi0O ) H )=\(A oo ). (7.15) 

The cokernel of the norm map (£f,oa/Cf tOQ ) H —> £00 /Coo is annihilated by #(H), hence 
A(£ 00 /C 00 ) < A (ff,oo/Cf,oo)jf Together with (7.13) and (7.15), it implies that 

A (£00 /Coo) < A (£ f) oo/C f ,oo) H = A ((A°o) H ) = A (Aoo) • (7.16) 

Finally the assertion (i) of Theorem 1.1 follows from (7.16), (7.14) and (7.10). 

We draw the attention of the reader to our papers [18] and [17], where we prove that 
a raw version of Theorem 1.1 (i) holds also for p G {2, 3}. 
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